The morphology of brittle fracture surfaces are self affine with roughness exponents that may be classified into a small number of universality classes. We discuss these in light of the recent proposal that the self affinity is a manifestation of the fracture process being a correlated percolation process. We also study numerically with high precision the roughness exponent in the two-dimensional fuse model with disorder both in breaking thresholds and conductances of the fuses. Our results are consistent with the predictions of the correlated percolation theory.
The fracture of brittle materials is a phenomenon that has received much attention throughout history for obvious practical reasons: In order for us to be able to rely on our human-made constructions, we need to understand why they fail and how they fail. However, it is only during the past fifteen or so years that this subject has interested the statistical physics community [1] . It is still regarded somewhat as ''unconventional'' by, at least, parts of the statistical physics community. However, over the last few years, the approach to brittle fracture that has emerged from this community has spurred the interest of those communities traditionally working on fracture phenomena.
It is in particular the similarities between the fracture process and dynamical critical phenomena that has triggered the imagination of workers in statistical physics, see, e.g. Refs. [2] [3] [4] . The aspect of the brittle fracture phenomenon that has received most attention in this context, is the morphology of fracture surfaces. It turns out that such surfaces show surprising scaling properties [5] . These were first seen in the mid eighties [6, 7] . They manifest themselves through self-affine long-range height correlations. That is, the conditional probability density x; y ð Þ, i.e. the probability that the crack surface passes within dy of the height y at position x when it had height zero at x ¼ 0, shows the invariance
where is the roughness exponent. In the early nineties increasing experimental evidence hinted at the roughness exponent not only existed, but had a universal value of about 0.80 [8] [9] [10] [11] [12] .
It turns out, however, that this picture is not the whole story: At small scales, there is a second universal regime with a roughness exponent of about 0.5 [13, 14] . There is a clear crossover length scale between the small and large scale scaling regimes. Curiously, the same small-scale roughness exponent, ¼ 0:5, is also found on large scales for sandstone where the fracture process is strongly intergranular [15, 16] .
Fracture morphology has also been studied for twodimensional brittle systems. Using paper [17] , a roughness exponent in the range ¼ 0:63 to 0.72 was found, while experiments on thin wood plates cut orthogonally to the grain direction, gave ¼ 0:68 AE 0:04 [18] . No small-scale regime has so far been identified for two-dimensional systems.
Much work has been invested in understanding why fracture surfaces are self affine and why their roughness seems to fall into a small number of distinct universality classes, see [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] . Much of this work has been focused on the quasi-static fuse model [1] as a paradigm for brittle fracture. The quasi-static fuse model consists of a lattice where each bond is an ohmic resistor as long as the electrical current it carries is below a threshold value. If the threshold is passed, the bond burns out irreversibly. The threshold t of each bond is drawn from an uncorrelated distributionp p t ð Þ, while the bonds all have the same conductance. The lattice is placed between electrical bus bars and an increasing current is passed through it. Numerically, the Kirchhoff equations are solved with a voltage difference between the bus bars set to unity. The ratio between current i j and threshold t j for each bond j is calculated and the bond having the largest value, max j i j =t j À Á is identified and subsequently irreversibly removed.
In the limit of infinite disorder-i.e., when the threshold distribution is on the verge of becoming non-normalizable, e.g.p p t ð Þ / t ÀÀ1 , where 1 t < 1 in the limit of ! 0, the fuse problem becomes equivalent to a bond percolation problem [35] . At more narrow disorders, a rich phase diagram appears which is controlled by two parameters, the exponent which controls the threshold distribution tail toward infinitely large threshold values and the exponent which controls the tail of the threshold distribution toward zero:p p t ð Þ / t À1þ where 0 t 1 [36] . For smaller values of either or , the fuse model still shows behavior very similar to percolation: The lattice stops conducting after a finite percentage of bonds have burned out even when the lattice size is extrapolated to infinity. Close to breakdown, critical Physica Scripta. Vol. T106, [65] [66] [67] [68] [69] 2003 exponents may be defined precisely as in the percolation problem. However, as the breakdown process in the fuse model is highly correlated, there is no a priori reason to expect these exponents to be equal to those found in the percolation problem. At even smaller disorders, localization sets in.
When the disorder is broad enough so that the fuse model behaves in a percolation-like manner-i.e., there is no localization of the fracture process as it proceeds-there is a diverging correlation length / jp À p c j À , where p is the density of broken bonds and p c is the density at which an infinite lattice breaks down. For classical percolation, ¼ 4=3 [37] . In Ref. [34] , was measured for different sufficiently broad but finite disorders, finding a value indistinguishable from the percolation value, 4/3. Hence, it was concluded that the two-dimensional fuse model is in the percolation universality class when the disorder is broad enough to produce a non-localized fracture. A recent study [40] gives ¼ 0:86 AE 0:06 for the three-dimensional fuse model. This is indistinguishable from the threedimensional percolation problem, where ¼ 0:88. Hence, we draw the same conclusion in this case: The fuse model is in the universality class of percolation for disorder broad enough not to produce localization.
At smaller disorders so that there is localization, the fuse model produces self-affine fracture lines in two dimensions [19] and surfaces in three dimensons [26, 27] . A consequence of the scaling properties of the conditional probability , Eq. (1), is that the width of the fracture line,
The second data set has been scaled by a factor two to separate it from the first set. The straight unbroken lines are w $ L 8=11 . The straight broken lines are w $ L 2=3 . where L x is the width of the lattice in the x direction. In Fig. 1 , we show fracture width as a function of system width, L x for square lattices, so that L y ¼ L x ¼ L. In order to minimize corrections due to finite size effects, we have implemented biperiodic boundary conditions (periodicity in all directions) [41] . However, in order to avoid spiralling fracture lines, one row of fuses in the direction orthogonal to the average current direction was made unbreakable. The square lattice was oriented at 458 with respect to the average current direction so that before any bonds have broken, they all carry the same current. In Ref. [19] , it was suggested that the roughness of the fracture lines in the two-dimensional fuse model might be in the universality class of the directed polymer problem [38, 39] . If this were true, the roughness exponent would be ¼ 2=3. We show in Fig. 1 , w $ L 2=3 x (broken lines). Clearly, ¼ 2=3 is not consistent with our data. This is the opposite conclusion from that presented in Refs [27, 29] . Our estimate of the roughness exponent from our data is ¼ 0:74 AE 0:02. In Fig. 2 , we keep the thresholds constant equal to one, while the conductances of the bonds are distributed according tõ
Fig. 2. Fracture width w as a function of system size
We find a roughness exponent ¼ 0:74 AE 0:03. Hence, disorder in the thresholds or in the conductances lead to the same fracture morphology.
In Ref. [34] , it was proposed that the roughness exponent is a manifestation of the same critical behavior that is seen when the disorder in the system is large enough that the fracture process proceeds without localization. The key idea is based on the classic study of the percolation problem in a constant control parameter gradient [42] . When the fracture process localizes, a damage profile, p y ð Þ; as shown in Fig. 3 develops. It has a quadratic maximum and width l: This width is independent of the length of the system, L y as shown in the figure. On the other hand, the localization length is proportional to the width of the lattice, L x ;
This is shown in Fig. 4 , where we show data collapse using the reduced variable y=L x : A qualitative argument for this is [34] to note that each broken bond creates a disturbance in the average current field that enhances the probability for a new bond to break in a finite-width cone which stretches out from each side of the bond in the direction approximately orthogonal to the average current direction. Hence, as long as the current enhancement is not sufficient to induce crack coalescence and create an unstable crack tip, the damage zone will spread in the new cones in a random fashion. This argument has been made quantiative in a mean field context [43] .
The maximum of the damage profile, p y ð Þ; occurs at y ¼ y c : Around this maximum it behaves as
When the system is broken apart, the fatal fracture line (i.e. the one breaking the network in two) will be centered at the position of the maximum of the damage profile, y c : Around this maximum, there will be a critical region, where the fracture process has proceeded in the same way as when the disorder is wide enough so that localization does not occur. This must be so since, this region is much more narrow than the localization length, l: Within this region, the system will be close to a critical state at failure. However, the correlation length, ; cannot be infinite since the damage falls off on both sides of y c : Hence, the shape of the damage profile determines the size of : Using Eq. (4), we may define y AE ¼ y c AE ; so that
If we now use the relation between correlation length and control parameter,
we may eliminate p y c ð Þ À p y AE ð Þ ½ between this equation and Eq. (5) to get
The fracture line will not be localized in the critical region of width : In the same way it is not localized when the disorder is wide enough so that the entire fracture process is not localized. Hence, we must have that
We now combine Eqs. (3), (7) and (8) to get
Comparing this equation with Eq. (2), we conclude that
Hence, if the correlation length exponent is ¼ 4=3 in two dimensions, the roughness exponent becomes ¼ 8=11 % 0:73; while with ¼ 0:88 in three dimensions, we find ¼ 0:64: This prediction [34] is compared to our two-dimensional data in Figs. 1 and 2 , while the threedimensional prediction should be compared to the numerical measurement of Ref. [26] giving ¼ 0:62 AE 0:05: We note, however, that the three-dimensional prediction is not consistent with [27] , who found a roughness exponent close to the minimal energy result, ¼ 0:41 AE 0:02 [44] . This is the three-dimensional equivalent of the directed polymer problem in two dimensions giving ¼ 2=3 in this case.
We show in the last column of Table I the roughness exponents measured for different systems. In addition to the fuse model, there are two other network models that are of particular interest: The beam model and the central force model [1] . The beam model consists of a network of elastic beams that are rigidly connected at the nodes. On lattices with higher symmetry than the square one, this system is describable by the Cosserat generalized elastic equations [1, 45] . Cosserat elasticity includes rotational degrees of freedom in addition to the translational ones on the strain field. This is in contrast to the usual elastic Lameé quations, which only include translational degrees of freedom. The Cosserat equations are used to describe granular materials, such as porous media or crystallite materials. There is always a length scale associated with the granularity, and such materials are described by the Lameé quations on scales larger than this length scale. The central force network consists of Hookean springs that rotate freely about the nodes. In the continuum limit, this model is described by the Lame´elastic equations.
As seen in Table I , only the roughness exponent for the beam model in two-dimensions (on a square lattice) has been measured [30] . Numerical calculations of the roughness exponent for the two-dimensional central force are, however, underway [46] . The correlation length exponent has been measured for the central-force network [47] to be 1:16 AE 0:03: No direct measurement of this quantity has been performed for the beam network. However, in a somewhat similar model, the ''Mikado'' model, where slender beams are placed at random, and where they overlap, they are hinged and can rotate freely about these. In Ref. [48] , a correlation length has been identified with the transition from bending forces dominating the network to compressional forces dominating. The corresponding correlation length exponent was measured to be 2.83. If we now use Eq. (10) to calculate the corresponding roughness exponents, we find ¼ 0:70 for the central-force model in two dimensions and ¼ 0:85 for the two-dimensional beam model (see Table I ). The second value, corresponding to the square beam lattice, matches the numerical value of Ref. [30] , ¼ 0:86 AE 0:03; very well.
Three roughness exponents are known for brittle fracture in two and three dimensions: ¼ 0:68 AE 0:04 in two dimensions and 0.5 on small scales and 0.80 on large scales in three dimensions. There exists an analytical calculation of for three-dimensional brittle fracture going beyond mean field theory [33] . The result is ¼ 2: Eq. (10) leads to ¼ 4=5; which matches the experimentally observed large scale value perfectly.
It has recently been proposed that the small scale roughness exponent seen in three-dimensional brittle fracture, ¼ 0:5; is caused by elastic corrugation waves [32] . However, it is difficult to reconcile this theory with the observed 0.5-exponent in sandstone. Either the roughness exponent seen at small scales is unrelated to the large scale exponent seen in sandstone-in which case there is no problem, or the two exponents are caused by the same mechanism-in which case it becomes difficult to accept the corrugation wave theory. Here, we follow [49] and propose an alternative explanation for the existence of different roughness exponents at small ¼ 0:5 ð Þand large scales ¼ 0:80 ð Þin the same material. Sandstone and crystallite materials are described by Cosserat elasticity on small scale and Lame´elasticity on large scale. The roughness measurements on sandstone that have been reported [15, 16] are in fact small-scale measurements with respect to grain sizes of such materials. As the critical behavior of the beam and central force lattices are different, we find different fracture roughness for the two types of elasticity. Hence, we propose that the small-scale exponent seen in three-dimensional brittle fracure in fact is a ''Cosserat'' roughness exponent, while the roughness exponent seen on large scale is a ''Lame´'' roughness exponent. We note from Table I that the prediction for the central-force network is ¼ 0:70 in two dimensions. This matches very well the value seen experimentally in twodimensional brittle fracture, ¼ 0:68 AE 0:04: This value is based on Lame´elasticity, and is thus a large-scale exponent. We expect there to be a small-scale twodimensional roughness exponent that corresponds to Cosserat elasticity, equal to 0.86. The large scale threedimensional exponent equal to 0.80 is a ''Lame´'' exponent, and we expect that this value will be found for the threedimensional central-force network. The small scale threedimensional roughness exponent should be found in a three-dimensional beam lattice.
Even though brittle fracture is no longer a newcomer in statistical physics, the field is by no means in any way slowing down. Rather, the opposite is true. The recent surge in interest in the statistical physics approach from the more traditional communities working in this field is generating a cross fertilization that promises to supply us with interesting problems for a long time to come. 
